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Abstract. We extend the notion of test module filtration introduced by 
Blickle for Cartier modules. We then show that this naturally defines a filtra¬ 
tion on unit i^-modules and prove that this filtration coincides with the notion 
of ^/-filtration introduced by Stadnik in the cases where he proved existence 
of his filtration. We also show that these filtrations do not coincide in general. 

Moreover, we show that for a smooth morphism f : X ^ Y test modules 
are preserved under f'. We also give examples to show that this is not the 
case if / is finite flat and tamely ramified along a smooth divisor. 


Introduction 

If i? = C[xi,..., Xn] and f G R is a hypersurface then the multiplier ideal 
filtration J{R, is a descending right-continuous filtration of ideals in R 

which captures subtle information about the singularities of /. This filtration is 
obtained by considering a log-resolution of /. Due to work of Budur and Saito ([7], 
[6]) it is known that it captures parts of the information provided by the V-filtration. 
More precisely, if 7 : Spec R -G Spec R[t] is the graph embedding t i-G f and j+R is 
the I?ij-module pushforward then the V-filtration of 7+i? intersected with R yields 
the multiplier ideal filtration. The associated graded of the V-filtration (constructed 
by Malgrange ([19]) and more generally by Kashiwara ([15])) corresponds to the 
nearby cycles functor in the category of of F^-modules. 

Let us now assume for the rest of the introduction that R is smooth over a 
perfect field. Then we have the theory of so-called test modules t{M, f*)tGQ>o 
at our disposal, where M is a coherent i?-module endowed with an i?-linear map 

K : FifM -G M. 

For example, ii R = Fp[a;i,.. .,x„] and M = R, then is free with basis 
x\^ ■ ■ ■ x^^ and 0 < < p — 1. Hence one can define a map k \ F^^R ^ R sending 

x\~^ ■ ■ ■ to 1 and all other basis elements to zero (if one identifies ujr with R 
via dxi A • • • A dxn 1 then this is the Cartier operator). In this case the corre¬ 
sponding test ideal filtration t{R, /*)tGQt>o characteristic p analogue of 

the multiplier ideal filtration. 

The pairs (M, k : F^M ^ M) form a category which we call Cartier modules. 
It is an abelian category and it admits a natural functor to the category of F/j- 
modules whose essential image are so-called unit i?[F]-modules. In fact, suitably 
localizing the category of Cartier modules one can turn this into an equivalence 
with unit i?[F]-modules which are special well-behaved I?i^-modules. Moreover, 
by work of Emerton and Kisin [10] one has an equivalence of unit i?[F]-modules 
with perverse constructible Fp-sheaves on the etale site associated to R. Since 
nearby cycles themselves are not well-behaved in this category (it is not a functor on 
constructible sheaves among other things) it is now a very natural question whether 
one may construct a V-filtration in the category of unit i?[F]-modules or Cartier 
modules that captures the desirable properties of the V-filtration in characteristic 
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zero. In [21] Stadnik introduced a notion of lA-filtration in the category of unit 
i?[F]-modules, proved existence in a special case and showed that in this case the 
zeroth graded piece corresponds to the unipotent part of the (underived) tame 
nearby cycles. In [20] the author showed that in the category of Cartier modules 
one may characterize the test module filtration by certain axioms that are akin to 
a lA-filtration and showed that if (M, k) corresponds to a locally constant sheaf 
and X defines a smooth hypersurface then GttM (the associated graded of the test 
module filtration in the range [0,1]) is naturally isomorphic to i'M as a crystal, 
where i : SpecR/{x) —>■ Speci? is the inclusion. Moreover, the author also showed 
that if If : Spec5 —>■ Speci? is etale then ip GrrM = Grrip M. Both results hold 
for nearby cycles in characteristic zero. 

In the present paper we achieve two things. We extend the definition of test 
module filtration to Cartier modules that are obtained as the pushforward of a 
coherent Cartier module along an open immersion. In fact, we show that the 
definition of test module may be carried over to unit i?[i^]-modules. This enables 
us to compare the test module filtration with Stadnik’s notion of M-filtration. We 
will show that these two filtrations coincide for the cases where Stadnik proved 
existence but not in general. Moreover, we show that for ip : Spec S —> Spec R a 
smooth morphism one has ip'GrrM = Grrf'M (as one would expect from well- 
behaved nearby cycles). 

We now describe the contents of this paper in more detail. While working with 
Cartier modules we will be able to relax our assumptions to R being F-finite (that 
is the Frobenius i? —>■ F<i? is a finite morphism). Whenever the equivalence with 
unit i?[F]-modules is involved we have to assume, in addition, that R is smooth 
over an F-finite field. In the first section we review the theory of Cartier modules 
and unit i?[F]-modules. Given a Cartier module M we obtain a unit i?[F]-module 
by considering colimF®'M 0 = M.. There is natural map M 0 —>■ A4. 

We show that if two Cartier modules M, N define the same unit F[F]-module 
then the images T{M,f*) and t{N,P) in M. coincide (Theorem 2.8). This will be 
accomplished in Section 2 after several preparations. Next, we extend the notion of 
test module filtration in Section 3 in order to be able to compare it with Stadnik’s 
notion of M-filtration. Namely, if j : D{f) —> Spec??, where / € i?, is an open 
immersion and (M, k) a coherent Cartier module then j^M is of course not coherent 
in general. However, there are coherent i?-Cartier submodules N C for which 
the inclusion is a local nil-isomorphism. We then show that t{N, /*) is independent 
of the choice of N and use this to attach a test module filtration to jt:M. 

Section 4 deals with functorial behavior of F-regularity and test modules. We 
show that for a smooth morphism ip : Spec S' Speci? one has fT{M,p) = 
T{fM, p). This is a local problem. Since the etale case was handled in [20] 
this boils down to understanding how p' transforms the test module for the map 
p : —>■ Speci?. Once one has analyzed how the structural map F^p'M —> p'M 

looks like this is an explicit computation. We also give examples that this no longer 
holds if p is finite and tamely ramified along a smooth divisor. 

Finally in Section 5 we achieve the comparison with Stadnik’s M-filtration. We 
show that these two filtrations do not coincide in general (Example 5.8) and show 
that they coincide in the cases where Stadnik proved existence. We also show 
that the zeroth graded piece of Stadnik’s filtration which carries a unit F-crystal 
structure corresponds to the associated crystal of the first graded piece of the test 
module filtration. Both statements are part of Theorem 5.23. 

As usual, whenever the upper shriek functor is involved there are a lot of com¬ 
patibilities to be checked. Eventually all the compatibilities involving upper shriek 
and Cartier structures will hopefully be contained in an updated version of [3]. 
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In order to keep this paper reasonably self-contained we prove all compatibilities 
involving upper shriek and Cartier structures whenever there is no direct reference. 
In doing this we do not strive for maximal generality but rather restrict to the cases 
that we really need. 

Conventions. We assume that our rings are of positive prime characteristic p > 0. 
If i? is a ring then R° denotes the elements of R that are not contained in any 
minimal prime. 

Throughout F denotes the absolute Frobenius morphism. A noetherian ring R 
is called F-finite if the Frobenius F : Spec R —)■ Spec i? is a finite morphism. Recall 
that by a result of Kunz [17] an F-finite ring is excellent. 

For a rational number t we denote its round down by [tj = max{n G Z j n < t}, 
by {t} = t — [tj its fractional part and its round up by |"t] = min{n G Z j n > t}. 

Acknowledgements. The author was supported by SFB/Transregio 45 Bonn- 
Essen-Mainz financed by Deutsche Forschungsgemeinschaft. I thank Mircea Mus¬ 
tafa and Kevin Tucker for helpful discussions. Moreover, I thank Manuel Blickle 
for many useful discussions which among other things started this project. Finally, 
I thank the referee for a very thorough reading of this paper and many useful 
comments. 


1. Cartier modules and crystals 

Let R be an F-finite ring. An R-Cartier algebra C is an N-graded not necessarily 
commutative i?-algebra such that R surjects onto Cq and such that we have the 
relation rp = (pr^ for all G Cg. A Cartier module M is a left-C-module. We will 
also denote this by {M,C). Note that if Ke G Ce is homogeneous of degree e then 
multiplication by Ke is an F-linear map F^M ^ M. A Cartier module is called 
coherent if its underlying F-module is finitely generated. The support Supp M of 
a Cartier module M is the support of the underlying F-module. 

We will usually assume that Cartier modules are coherent with the notable ex¬ 
ception of pushforwards along open immersions. In particular, we will omit the 
coherence assumption from the notation. 

We note that the localization of a Cartier module is again a Cartier module in 
a natural way via the formula Ke(^) = 

A Cartier module (M, C) is called nilpotent if {C+)^M = 0 for some h > 0. Given 
a coherent Cartier module {M,C) there is a unique nilpotent submodule M^u such 
that M = M/Mnii does not admit nilpotent submodules (cf. [1, Lemma 2.12] and 
note the typing error: “quotients" should read “submodules"). 

Given a coherent Cartier module (M, C) we define = {C+)^M for 0 ([1, 
Proposition 2.13] shows that this is well-defined). We call M F-pure if M = 

We will often omit C from the notation and simply write M_. The Cartier module 
M is the unique Cartier submodule such that the quotient M/M is nilpotent and 

such that Cj^M. = M- The operation_commutes with localization and if {M,C) 

is F-pure then its annihilator is a radical ideal (see [1, Lemma 2.19]). 

A coherent Cartier module {M,C) is called F-regular if {M,C) is F-pure and 
if it admits no non-zero proper Cartier submodules that generically agree with M 
(that is if A is a Cartier submodule such that = Mr/ for each generic point ly 
of SuppM then N = M). An element a: G F is called a test element for {M,C) if 
D{x) n SuppM C SuppM is dense and if M^ is F-regular. 

The test module t{M,C) of a coherent Cartier module {M,C) is the smallest 
Cartier submodule of M that generically agrees with M. Existence of test modules 
is proven if F is (essentially) of finite type over an F-finite field in [1, Theorem 
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4.13]. Moreover, the test module exists if and only if {M,C) admits a test element. 
If X is a test element then 

t{M,C) = E CeX°‘M_ for any a > 0 . 

e>l 

Both statements are part of [1, Theorem 3.11]. In particular, if {M,C) is F-regular 
then t{M,C) = M. 

For us the most important examples of Cartier algebras will be C = (k), where 
K : —)■ M is an ii-linear map and subalgebras of C. In the first case we will also 

simply write (M, n) for the datum of a Cartier module. Of particular importance 
is the subalgebra generated in degree e by where t G Q>o and f £ R. 

We will then also write t(M, /*) for the corresponding test module. Varying t 
one obtains a decreasing filtration T{M,f*) C T{M,f^) for t > s. Moreover, this 
filtration is right-continuous in the sense that for t there is 0 < £ <C 1 such that 
= t(M, for all (5 < e ([1, Proposition 4.16]). If t > 0 then the 
so-called Briangon-Skoda theorem holds, that is, fT{M,p) = t{M, If R 

is essentially of finite type over an F-finite field then the test module filtration is 
discrete ([1, Corollary 4.19]) and rational(this follows from discreteness as in [4, 
Theorem 3.1]). Finally, the quotient Gr‘ = t(M,/‘“^)/t(M, /*) naturally carries 
a Cartier structure induced by (see [20, Section 4]). 

A morphism of Cartier modules is a morphism ip : M ^ N oi the underlying 
i?-modules such that for every G Ce one has KeF^ip = ipKe- 

Suppose that / : Spec S -G Spec i? is a morphism of F-finite rings. Then we 
obtain a functor of Cartier modules /* as follows. Let (M, C) be a Cartier module 
on S. Consider the F-module pushforward /»M and define a Cartier structure as 
follows: For G Ce we define Ke ■ F^f^,M -G M as the composition of F^f^M = 

UF^M ^ f,M. 

Assume now that / is finite or smooth. Then for finite / we define a functor 
/■ from C-modules on R to C-modules on S' as i-A- Homfl(S, iV) considered as 
an S-module via the first argument^. In this case a homogeneous element Kg G Cg 
acts via f'NBipi-G-KgOipoF^^. If / is smooth (of relative dimension n) we define 
f'N = ujf ^ f*N, where ujf = /\” For the Cartier structure note that a 

map Kg : F^M —> M is equivalent to a map Cg : M ^ F^M by duality for finite 
morphisms (e.g. [2, Theorem 2.17]). The map f'Cg : f'M -G /'F^^'M composed 
with the natural isomorphism f'F^'M = F^'f'M then yields a Cartier structure 
on f 'M. We will discuss this in more detail in Section 4. 

For the rest of this section we restrict to the case that C = (k). If M is a quasi- 
coherent Cartier module endowed with a single structural map k : F^,M ^ M 
then M is nilpotent if and only if there is e > 0 such that = 0. We call 
M locally nilpotent if M is the union of nilpotent Cartier submodules. A (local) 
nil-isomorphism is a morphism ip \ M ^ N oi Cartier modules for which both ker ip 
and coker are (locally) nilpotent. For a coherent Cartier module the notions of 
local nilpotence and nilpotence coincide. 

Recall that since we assume R to be F-finite the structural map k ■. F^M -G M 
is equivalent to a map G : M —)■ F'M by duality for finite morphisms (cf. [2, 
Theorem 2.17]). Explicitly, G is given by m i—>■ [r i—>■ K(rm)]. 

The category of nilpotent Cartier modules is a Serre subcategory of the category 
of coherent Cartier modules. We call the localization of coherent Cartier modules 
at nilpotent Cartier modules the category of Cartier crystals. A Cartier module 


^Note that this deviates from the usual definition since we do not derive, i.e. we do not consider 
RHom. 
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M is called minimal if^ M = M_. The subcategory of minimal Cartier modules is 
equivalent to Cartier crystals (see [2, Theorem 3.12]). 

A nil-isomorphisms of Cartier modules becomes an isomorphism in Cartier crys¬ 
tals. In particular, if two compositions of Cartier morphisms coincide, where all but 
one morphism are nil-isomorphisms, then all of them are nil-isomorphisms. This 
reasoning will be used frequently in what follows. 

Assume that R is regular essentially of finite type over an T"-finite field k with 
structural map / : Spec R —>■ Spec k. Fix, once and for all, an isomorphism k ^ F'k. 
Then we define w/j = f'k. The module ujn is invertible and comes equipped with 
a natural isomorphism C : lor —>■ F'ujr (via the isomorphism F'f'k = f'F'k) 
which defines a Cartier structure on lor. If R is smooth then ujr coincides with top 
dimensional Kahler differentials and if k is perfect the isomorphism C : ujr, —>■ F lor 
is the adjoint of the Cartier operator. In particular, if ip : Spec S —>■ Spec i? is a 
finite or smooth fc-morphism and i?, S are both regular essentially of finite type 
over k then one has p'cor = uir. 

We refer the reader to [1] for the theory of test modules and to [2] and [3] for the 
theory of Cartier modules and crystals. Also note that everything we have done 
here easily generalizes to F'-finite noetherian schemes. 

Unit i?[F]-modules. If R is smooth over a perfect field k then a unit i?[F]-module 
is an i?-module Ad equipped with an isomorphism <!> : F*Ad —>■ Ad, where F : R —>■ 
R is the absolute Frobenius morphism. A unit i?[F]-module Ad is locally finitely 
generated if there exists a finitely generated i?-module M and a map M —>■ F*M 
such that colime = Ad as a unit i?[F]-modules. If the map M ^ F*M 

is injective then M is called a root of Ad. We will only consider locally finitely 
generated unit i?[F]-modules in this article and will refer to them as unit R[F]- 
modules (or unit F-modules). A unit i?[F]-module for which the underlying R- 
module is coherent is called a unit i?[F]-crystal. 

If / : Spec S —> Spec i? is a morphism of smooth schemes over k then the pull 
back of a unit i?[F]-module is simply the pull back of the underlying i?-module 
and the structural map is induced by the isomorphism f*F* = F*f*. For an 
open immersion / the pushforward /+ coincides with the ordinary pushforward 
of modules^ and the structural map is given by the adjoint of /*M —>■ f^F^M = 
F^f^M. 

Emerton and Kisin establish in [10] an analogue of the Riemann-Hilbert corre¬ 
spondence in characteristic p > 0. Namely they show that for a smooth /c-scheme 
X the bounded derived category of unit i?[F]-modules is equivalent to the bounded 
derived category of constructible Fp-sheaves on X^t. Moreover, the heart of the 
trivial t-structure (that is the abelian category of unit ii[F]-modules) corresponds 
to perverse constructible sheaves in the sense of Gabber ([11]). 

We refer the reader to [10] and [9] for more details on unit ii[F]-modules. 

Cartier crystals and unit i?[F]-modules. We assume that R is smooth over a 
perfect field k. Given a Gartier module (M, k) the adjoint of its structural map is 
the map C : M —>■ F-M,m i—>■ [r i—> K{rm)]. These maps induced a direct system 
and an isomorphism C : colime —> F'colirng F®'M. Denoting colime F®'M 

by Ad and tensoring with we obtain an isomorphism Ad 00 ;)^^ —>■ F*{M.®u}f^) 
(cf. [2, Gorollary 5.8]). Hence, we obtain a functor from Gartier modules to unit 
F[F]-modules and if we restrict this functor to minimal Gartier modules then it 


^The operations_and commute. We will generalize this in Lemma 2.3 

^Pushforwards are defined for arbitrary morphisms / between smooth schemes but the defini¬ 
tion is more involved if / is not etale(see [10, Lemma 4.3.1 and Section 3]). 
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induces an equivalence. In particular, we obtain an equivalence of Cartier crystals 
with unit i?[F]-modules ([2, Theorem 5.15]). 

2. Unit Test modules 

The goal of this section is to show that for a map of i?-Cartier modules ip : M ^ 
N which is a nil-isomorphism one has f*)) = T{N,f*) for any f G R and 

t G Q>o- Among other things, this will enable us to show that we can define a test 
module filtration for unit i?[U]-modules (cf. Definition 3.11). 

2.1. Lemma. Let R be an F-finite ring, f G R. Let {N,k),{M,k) be eoherent 
Cartier submodules of some Cartier module {A, k). Assume that N_= Nf then also 
fLc = Mxj where C is a Cartier subalgebra of the Cartier algebra generated by k. 

Proof. By [1, Proposition 3.2 (c)] we have N(. C M = N_. By definition 
= [C+YN for e ^ 0. Fix e ^ 0 then we get 

Mr = {C+YMx: Q {C+YK = {C+YK Q {C+YN = Kc- 

□ 

The following is implicit in [2] but due to lack of a precise reference we include 
a proof. 

2.2. Lemma. Let R be F-finite and {M,k) a quasi-eoherent Cartier module. Then 
C : M ^ F'M is a nil-isomorphism. 

Proof. Note that the Cartier structure on F'M is given by k : F^F'M -g F'M, p i—>■ 
C{p{l)). This is the adjoint of the natural map F'C : F'M -g F'F'M (cf. [2, 
Theorem 2.17, Proposition 2.18]). We have to show that kerC and cokerC are 
both nilpotent. The nilpotence of kerC is immediate from [20, proof of Lemma 
6.9]. For the nilpotence of coker (7 observe that given p G F'M we have K,{p) = 
C{p{l)) G C{M) hence k{F'M) C C{M). □ 

2.3. Lemma. Let R be F-finite and {M,k) be a coherent Cartier module. LetC be 
a subalgebra of (k). Then (M^)^ = {M_c) ■ 

Proof. We omit C from the notation. We have inclusions Mnii ^ and M C M 
and an equality = -^nii C M_. We thus obtain an injective map of Cartier 

modules (M) —>■ M which is a C-nil-isomorphism. Note that (M) is F-pure so 
that the injection factors via (M) —> (M). But since the codomain is F-pure this 
C-nil-isomorphism is an isomorphism. □ 

_ (2 

2.4. Lemma. If M is F-pure with respect to C then SuppM = SuppM. 

_ C 

Proof. Since M is a quotient of M we only have to show the inclusion from right 
to left. Let X G SuppM. Since F-purity localizes we have C+M^ = M^. But then 
Mj; is not nilpotent. □ 

The following result should be of independent interest. 

2.5. Proposition. Let R be F-finite and let (M, k) be a coherent Cartier module 
and let C be a Cartier subalgebra of (k). Then f is a test element for {M,C) if and 
only if f is a test element for {M,C). 

Proof. By Lemma 2.3 we may assume that M is F-pure with respect to C. By 
Lemma 2.4 the condition on the support for a given element / is vacuous. So we 
only have to show that M^ is F-regular if and only if M/ is F-regular. Recall from 
[1, Lemma 2.18] that the operation and F-purity commute with localization. So 
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we have a short exact sequence 0 —>■ Mnii —?► M —>■ M —0 with both M and M 
F-pure and SuppM = SuppM and we have to show that M is F-regular if and 
only if M is F-regular. 

Let TV C M be a Cartier module that agrees with M at generic points of Supp M. 
Then for such a generic point t] we have and by [20, Lemma 6.10] we get 

Nni\n = Mniln- It follows that = Njj and thus M = N hy F-regularity. Since 
M ^ M and N —>■ N are C-nil-isomorphisms we obtain that the inclusion N —>■ M 
is one as well. But M is F-pure so that this is an isomorphism as desired. 

For the other direction let iV C M be a Cartier module that agrees with M 
at generic points of SuppM. Let N' be the preimage of N under the surjection 
TT : M —M. This is a Cartier module since tt is a morphism of Cartier modules. 
Fix a generic point rj of SuppM then and hence = M^. By virtue of 

M being F-regular we conclude that N' = M. It follows that N = M. □ 

2.6. Lemma. Let R be F-finite and let {M,k) be a coherent Cartier module and 

let C be a Cartier subalgebra of {k). Then we have an inclusion Q o,nd 

=jf. 

Proof. The inclusion is immediate since any element of (C+)® may be written as 
for some r G R and n G N. The second claim follows from the first since the 
kernel of the surjection M —M is just + M^ii^c- D 

Note that the corresponding result for_ (i.e. follows from Lemma 

2.1 by setting N = and M = A. 

2.7. Lemma. Let R be F-finite, {M,k) a coherent Cartier module and let C be a 
Cartier subalgebra of (k). Then f is a test element for M with respect to C if and 
only if f is a test element for M with respect to C. 

=kT 

Proof. By Proposition 2.5 / is a test element for M if and only if it is one for 

M”. On the other hand since by Lemma 2.6 we have M” = M*" this is, again by 
Proposition 2.5, the case if and only if / is a test element for M. □ 

Note that since F' is left exact one has F'M = F'M if M = M. The following 
Theorem generalizes [20, Lemma 4.3] and is valid for any F-finite R provided that 
test modules do exist. It will allow us to define test module filtrations for unit 
F-modules (cf. Definition 3.11 below). 

2.8. Theorem. Let R be essentially of finite type over an F-finite field. Civen a 

nil-isomorphism of coherent Cartier modules ip : M ^ N one has /*)) = 

t{N,P). Moreover, the test module filtration T{M,f*) induces a decreasing filtra¬ 
tion r(A4,/‘) for M = colimF^'M and we obtain f*)) = r(A/’,/*), where 

<i> : colimF^'M —>■ colimF^ TV = Af is the isomorphism induced by p. 

Proof. Fix t G Q>o and denote the algebra generated in degree e by nf^^P ^ by 

C. The operations_and will always be taken with respect to C and we will 

omit this from the notation. We claim that p{M.) = fiL- Indeed, since the inclusion 
TV C is a nil-isomorphism (and similarly for M C M) the restriction ip : M —>■ N 
is also a nil-isomorphism. But TV does not admit non-trivial nilpotent quotients by 
[1, Corollary 2.14]. 

Next, we want to argue that M and TV admit a common test element. Observe 
that i^(Mjj;j) C TVjjij so that p induces a nil-isomorphism M —>■ TV which is in fact 
an isomorphism (we already know that it is surjective and injectivity follows from 
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[1, Lemma 2.12]^). Let now c be a test element for M. By Proposition 2.5 c is then 
a test element for M = ^ and applying 2.5 once more we obtain that c is also a 
test element for 

From this we deduce that 

f)) = ^ cM) = ^ cN = t{N, f). 

e>l e>l 

For the second statement observe that C : M ^ F'M is a. nil-isomorphism (Lemma 
2.2) and define T(Af,/‘) as the image of T{M,f*) under the natural map M 
M. □ 

2.9. Remark. If we assume that M = M, i.e. that the maps M —?> F'^'M are 
injective (cf. [20, Lemma 6.9]), then the various T{M,f*) are all contained in the 
image of M —> colimF^'M. In particular, this filtration is exhaustive if and only if 
C : M —>■ F-M is an isomorphism. This is precisely the case when M corresponds 
to a locally constant sheaf under the Riemann-Hilbert correspondence. 

Also note that, by the same token, if M is F-regular, then F M is F"-regular if 
and only if C : M —> F M is surjective. 

For later use we record the following results: 

2.10. Lemma. Let {M,k) be an F-pure coherent Cartier module and f G R an 

M-regular element such that Mf is F-regular. Then t{M, /*) = f^), f*) for 

all t > 0. 

Proof. If t = 0 then the assertion is trivial. We now assume t > 0. We have 
t(M, /°) C M so that the inclusion from right to left is clearly satisfied. For the 
other direction denote the algebra generated in degree e by by C. Note that 

by [5, Lemma 4.1] we have tC fM C K,°‘~^^fM. We conclude that t(M, /°) = k°‘ fM 
for all a ^ 0. Fix one such a. 

By the first part of the proof of [5, Lemma 4.3] (which only requires F-purity 
and no assumptions on t) we have C+M = for all e ^ 0. In particular, 

for e sufficiently large and e > a we have 

C+M = K'^f^*P"^M = C k“/M 

since t > 0 and since KK°‘fM = K°‘fM by F-purity of K°‘fM. We conclude that 
C+M C C+~^K°' f M. But for ft, ^ 0 we have by definition C+M = M+, and likewise 
C’f-^K’^fM = K‘^fM^ . □ 

2.11. Proposition. Assume that R is essentially of finite type ouer an F-finite 
field. Let {M,k) be an F-pure coherent Cartier module and f € R an M-regular 
element such that Mj is F-regular. Assume furthermore that f = g^ for some 
g G R. Then T{M,f^) = T{M,g°-). 

Proof. By Lemma 2.10 we may replace M by t{M, /°) and therefore assume that 
M is F-regular. Write t = ^. By right-continuity of the test module filtration there 
is t’ G Z[i] such that t{M,P) = T{M,f') and T{M,g*^) = T{M,g^'^). Then by 
[5, Lemma 4.4] we have t{M, /* ) = k®(/* p M) = p M) = r(M, ) for all 

e » 0. Hence, we get 

r(M, f) = t{M, f) = t{M, g^*’) = r{M, g*") = r(M, g“) 
as desired. □ 


^Again, note that there is a typing error in the reference “quotients“ should read “submodules”. 




TEST MODULE FILTRATIONS FOR UNIT F-MODULES 


9 


3. Extending the test module filtration 

Consider the following situation: R is an E-finite ring and / a non-zero divisor, 
denote by j the open immersion D{f) Speci? and let M be an i?j:-Cartier 
module. Then is a quasi-coherent Cartier module. In this section we will 
show how to attach a test module filtration to along /*. 

3.1. Lemma. Let M be a Cartier module on Rf and write j for the open immer¬ 
sion Spec Rf —)■ Speci?. Then is locally nil-isomorphic to a coherent Cartier 
module N C i^M. Moreover, N admits no nilpotent submodules if M admits none. 

Proof. We may factor j as the composition of Spec i?/ A Ajj Spec R, where i is 
induced by i?[r] i-> i?[T]/(r/— 1). By [3, proof of Theorem 3.2.14] applied to AM 
there is a Cartier module N C j,tM which is coherent and locally nil-isomorphic to 
j*M. 

For the addendum note that N has no nilpotent submodules if and only if the 
adjoint of the structural map N —>■ F'N is injective (cf. [20, Lemma 6.9]). The 
adjoint structural map for N is induced by j»M —^ F j^,M which in turn is given 
by m I—>■ [r I—>■ K{ip{r)m)] where tp : R ^ Rf. By assumption M —>■ FM is 
injective, so given m there is s = ^ such that n^sm) is non-zero. But then also 
f^K^sm) = K{sf'P‘^m) is non-zero for any e > 0. Choosing e sufficiently large one has 
G R. This shows that j^M —>■ F j^M is injective which implies the injectivity 
of IV ^ F-N. □ 

3.2. Example. Note that we cannot expect that N is E-pure if M is E-pure. 
Indeed, consider M = k\x,x~"^] then 7V„ = k\x\x~'^ is locally nil-isomorphic to 
j*M (cf. [20, Remark 5.10] for computations), where n > 1 but it is E-pure only 
if n = 1. However, j iV„ coincides with j'j*M = M. In particular, since M is 
E-regular these modules have a common test element x. As Proposition 3.5 shows 
this holds in general. 

3.3. Proposition. Let R be an F-finite ring. Let M be an F-pure Cartier module 
on Rf and write j for the open immersion Speci?/ —>■ Speci?. Let N C j^M be a 
coherent Cartier module for which the inclusion is a local nil-isomorphism. Then 
j'-N = j'j^M = M. 

Proof. First of all, note that j- = j* since j is etale. Since j preserves (local) 
nil-isomorphisms ([3, Lemma 2.2.3]), local nilpotence and nilpotence coincide for 
coherent Cartier modules and j' is exact we obtain an inclusion j'N C M which is 
a nil-isomorphism. Hence, the quotient M/j'N is nilpotent. But M is E-pure so 
does not admit any non-trivial nilpotent quotients ([1, Corollary 2.14]). This shows 
that the inclusion is surjective. □ 

3.4. Lemma. Let R be an F-finite ring. Let M be a Cartier module on Rf and write 
j for the open immersion Spec Rf —)■ SpecE. Let N,N' C /*M be coherent Cartier 
modules for which the inclusion is a local nil-isomorphism. Then Nf_ = N_. Ln 
fact, N_ = A, where the intersection runs over all coherent Cartier submodules 
A C /*M for which the inclusion is a nil-isomorphism. 

Proof. By [2, Corollary 2.15] the natural inclusion A] C fV is a nil-isomorphism. 
We conclude that A C j^M is a local nil-isomorphism. This shows the inclusion 
from right to left. 

Let now A be any submodule of j*M for which the inclusion is a local nil- 
isomorphism. By definition of A C being a local nil-isomorphism there is an 
ascending sequence of coherent Cartier submodules M„ such that M„ = /*M 
and k”M„ C A. By coherence there is n such that A C Mn and then k"A C A. 
But since A is E-pure we have A D k^N_ = A as desired. □ 
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3.5. Proposition. In the situation of Proposition 3.4 one has = t{N', p) 

as submodules of js^M for all t € Q>o- If additionally {M,n) is F-regular then f 
is a test element for N, N'. 

Proof. We denote the Cartier algebra generated in degree e by by C. 

Combining Lemmata 3.4 and 2.1 we obtain that = N^. In particular, we 
get t{N,P) = t{N', p) due to [1, Proposition 3.2 (a)]. 

Assume now that (M, k) is F-regular. We claim that / is a test element in the 
sense of [1, Theorem 3.11] for N and N'. By [20, Lemma 4.1] and the above one has 
SuppfV = SuppfV^;.. Moreover, C/ coincides with the i?/-Cartier algebra generated 
by K. Hence, it suffices to show that D{f) n SuppiV C SuppiV is dense. Since 
multiplication by / is injective on M it is also injective on N. We conclude that 
/ is not contained in any minimal prime of SuppA^. Hence, D(f) has non-empty 
intersection with each irreducible component as desired. □ 

3.6. Definition. Let R be F-finite and let M be a Cartier module on Rf, where 
j : Spec Rf R is the open immersion and let N C j^M he a coherent Cartier 
module locally nil-isomorphic to ji,M. Then we define the test module 

of M for p with t G Q>o as t{N, p). Moreover, for t < 0 we define p) as 

/{*}). 

Note that in this way Skoda’s theorem is preserved in the sense that p) = 

/*+-). 

3.7. Proposition. Let R he essentially of finite type over an F-finite field. Let M 

he an F-regular Cartier module on Rf, where j : Speci?/ —>■ Speci? is the open 
immersion. Then the test module filtration p)t^Q is exhaustive, discrete 

and right-continuous. 

Proof. Discreteness and right-continuity for t < 0 are clear by construction. For 
t > 0 it follows from [1, Proposition 4.16, Corollary 4.19]. 

In order to show that it is exhaustive let N C be coherent, F-pure and 
nil-isomorphic to j*M. Then by Proposition 3.3 we have j'N = j j^.M = M. Since 
j' = j* is flat we obtain that Rf ■ N = M. By Proposition 3.5 the element / is 
a test element for N. Moreover, for t = 0 the algebra C is generated by k so that 
N( . = N hy F-purity. We thus get rp^M, p) = Yl,e>i i^^f^ = K^fN for e :$> 0, 
where the last equality follows from tCfN D n^fPN = HC~^fKN = K^~^fN. 
Hence, f~‘^T{M, p) = which is an exhaustive filtration since M is 

F-pure. □ 

3.8. Proposition. Let R be an F-finite ring and let {M, n), (A, k) be quasi-coherent 
Cartier modules. Assume that there exists a morphism ip : M ^ N which is a local 
nil-isomorphism. Then p induces an isomorphism colime F® M —> colime F® 'A of 
Cartier modules. 

Proof. Note that F'^'p is also a local nil-isomorphism. Indeed, by Lemma 2.2 the 
morphisms C^ '. N ^ F^'N and C® : M F^'M are nil-isomorphisms. Since 
C^ o p = F^'p o C^ the claim follows. 

By the above observation it suffices to show that if m G ker p then C^{R-m) = 0 
for some e > 0 and if n G N then there exists c > 0 such that C‘^{R- n) C imF'^ (/3. 
But C^{m) = [r I—>■ /c®(rm)] and since kert^ is locally nilpotent there is e > 0 such 
that k^{R- m) = 0. The claim about the image follows similarly. □ 
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3.9. Remark. We note that Proposition 3.8 also yields an alternative proof of the 
first part of 3.5 using Theorem 2.8 if = j*M. The diagram 

colime -)• colime 


N - >M 

commutes. Hence, the image of coincides with the image of 

where N' C is a local nil-isomorphism. The maps to the colimits are all 
injective by Lemma 3.1 and the assumption on j^M. We conclude that r(iV, /*) = 
t{N' , /*) as subsets of j^^M. 

Theorem 2.8 and Proposition 3.8 allow us to give a definition of test modules for 
unit Cartier-modules (i.e. quasi-coherent Cartier-modules, where M F'M is an 
isomorphism): 

3.10. Definition. Let R be essentially of finite type over an F-finite field and f G R- 
If M is a coherent Cartier module or M = j^N for a coherent Cartier module N 
on Rf, where j : Spec Rf —> Speci? is the open immersion, then we define the 
test module filtration along f of Af as the image of T{M,f*) in 

A4 = colimF^'M. 


This then also yields a notion of test module for unit F[F]-modules. Recall 
that for a unit i?[F]-module Af the module J\f carries a unit Cartier-module 

structure (i.e. the structural map C : N —)■ F'{N is an isomorphism). 

3.11. Definition. Let R be smooth over an F-finite field, f G R and Af a unit 
F[F]-module. Then we define the test module filtration r^Af, f*)teQ>o for Af as 
T{Af 0 0 ;“^, /*) 0 ojR using Definition 3.10. 

Note that one can also define this filtration using roots (we could even drop 
the injectivity assumption) of unit F[F]-modules. Indeed, let iV be a root of Af. 
Then N 0 is a Cartier module and the image of t{N 0 0 in the limit 

colime F‘^*N = Af coincides with T{Af, /*). 


4. F-regularity along /■ 

In this section we study the behavior of F-regularity (and thus of test modules) 
along pull backs by the twisted inverse image of / : Spec S' —>■ SpecF, where / 
is either finite flat or smooth. In the smooth case F-regularity is preserved. In 
contrast, F-regularity is not preserved by finite flat morphisms. In fact, we will see 
that it already fails for a Kummer covering ramified along a smooth divisor. We 
start with the smooth case. 

Recall that if / : X —>■ F is a smooth morphism of schemes then / • is given by 
u}f (g) /*•, where ujf = ojx/y is the relative dualizing sheaf (see e.g. [14, Definition 
before III.2.1]). The Cartier structure is induced by applying f to the adjoint 
structural map M ^ F'M and using the fact that f'Fl-M = F'^f'M. 

In the following we sketch how the isomorphism fR'y —t F'xf' is obtained 
and make the computation explicit in the case —>■ Speci?. First, one factors 

Fx = F'Frei and obtains the following commutative diagram where the square is 
cartesian. 
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By [14, Corollary III.6.4] one gets an explicit isomorphism f'Fl- —?> F’' f. Next, 
one unwinds [14, Proposition III.8.4] to get an isomorphism /' —>■ Finally, 

one uses the fact that Fj^ = (F'Frei)' = FI^^F'- which is just a tensor-hom adjunc¬ 
tion since both morphisms are finite. 

In what follows, we will write F-{—) for Hom(F*i?, —) even if F : Spec R 
Spec R is not fiat. 

4.1. Lemma. Let f : —>■ Speci? be the structural map and M a K-module 

on R. Then the Cartier structure for f'M = ujf ® f*M is given by 

IL±i _1 

Ft,{ujf(^M) — rx"'dx®m\—>x p dx®K{rm), 

TI+ 1 _ T 

where k : Ft^M —> M is the Cartier structure on M and x p is understood to 
be zero whenever 'Frl ig noi integer. 

In order to keep the proof of this lemma readable we will discuss the relevant 
isomorphisms separately. 

4.2. Lemma. If f : Spec S' —> Speci? and f' : SpecT —>• Speci? are smooth, 
Frei ■ Spec S —> Spec T is finite flat and f = f o Frei then one has for any R- 
module N a natural isomorphism f'N —>■ F^^if'-N given by 

U! ^ S '^n I- > [s' I—)■ Krel{s'suj) (g) 1 (g) n], 

where n^ei is the adjoint of the isomorphism Crei '■ w/ —> . 

Proof. We have an isomorphism f*N —>■ Ff^if'*N, sCini—^-s®!®?!. This isomor¬ 
phism and Crei induce isomorphisms 

ujf rN ^ ^ HomT(S,a;/. f*N) = fI^J'-N, 

W 0 S 0 n I-^ Crel{suj) (g) 1 0 1 0 U I- [s' !->■ Krel{s'SOj) (g) 1 (g) n]. 

Here the last isomorphism is due to the fact that Frei is fiat so that S is a locally 
free T-module. □ 

Note that one has an isomorphism F'*u!f = oJji by base change of Kahler dif¬ 
ferentials. We may identify F'*ujf and Uf via this isomorphism (cf. [8, Theorem 
3.6.1]). 

4.3. Lemma. If f : Spec S' —>■ Speci? is smooth and F : SpecT —)■ Speci? is finite 
then for any R-module N one has a natural isomorphism 

F'*^f f* Homfl(T, N) = f'F'N F''fN = Homs(S (gfl T, w/ fN) 

u! ^ a' ip I —> aa' • [s (g) t !—>■ w (g) s (g) (/?(?)], 
where f and F' are the base changes of f and F and where we identify tof/ = F'*uif. 

Proof. Let us denote the ring S (g_R T by A. Then the left hand side is given by 
(w/ (gs A) (g>A (A (g>T Homji(T, N)) which is isomorphic to (w/ gg A) ®a (S gi^ 
Homij(T, N)) = {LOf®s A) ®a Homs(gl, f*N) by fiat base change. Finally, one has 
an isomorphism 

ujf gg Homg(H, f*N) —7^ Homg(H, w/ gg f*N),uj g ^ [s >->■ w g V’(s)] 
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since w/ is invertible. □ 

proof of 4-1- Note that the relative Frobenius R[x] —> R[x],x i—>■ x^ is flat and recall 
that the relative Cartier operator Krei is given by sending rx'^dx to r x p dx 
(see e.g. [16, Theorem 7.2]). 

The adjoint of the relative Cartier operator K^ei '■ FreUtOf —>■ F'*u}f is the iso¬ 
morphism 

Fl ^ iF'*UJf = Ilomii [^ y { FreuR [ x ], F '* UJf),UJ [rx” Krelirx '^ to )]. 

Once again we identify F'*ujf and ujf via the base change isomorphism. 

With this identification Lemma 4.2 yields an isomorphism 

S : f'F'M —)■ Fl^if'F'M, uj®r®^p i—)■ [r' i->- Kreiij'ruj) (g) 1 0 i^]. 

Next, by Lemma 4.3, we have an isomorphism f'F’M —>■ F''f'M. Applying F'^^i 
to this isomorphism and composing with S we obtain the isomorphism 

S : w/ Os r Homfl(F*i?, M) = /’f'M ^ FfiF''f'M 

x'^dx O 1 O I—[[rx™ i->'[sOti->'X p dx s (S) <p{rt)]]. 

By tensor-hom adjunction we obtain a natural isomorphism FfiF''f'M —>■ 
F'f'M,tj} I—> [a O 6 I—> ijj{a){b)]. Composing this isomorphism with the isomor¬ 
phism S above we obtain 

A : f'F'M —> F'f'M, x"(ix O 1 O i —> [rx"^ i—>■ x p ^dx O 1 O 'p{r)]. 

Finally, we consider the adjoint Cartier structure C : M ^ F'M and apply f. 
This yields id^jj. Oidij[a;] OC : f'M —>• f'F'M. Composing with A we get a map 
f'M —>■ F' f'M and taking its adjoint yields 

F^f'M — f'M, x"dx O 1 O TO I— x^^~^dx O 1 O k(to). 

Making the usual identification of M®nS®s^f — M(S)fiujf we obtain the claim. □ 

4.4. Lemma. Let f : Spec S —>■ Spec R be a smooth morphism such that f = g o 
where g : —>■ Spec R is the structural morphism and ip is etale. Let {M, k) he 

a Cartier module on R. Then the natural isomorphism f 'M —> ip'g'M is Cartier 
linear. 

Proof. We restrict to the case n = 1 to keep notations simple. Since p is etale we 
have an isomorphism F'*S —>■ FreuS, r(g)s i—>■ rs^, that is, any s € S may be written 
as a sum for suitable € R[x],ti € S. The inverse of this isomorphism is 

of course the relative Cartier operator K^e/ : F^euS —>■ F'*S. Since w/ = Sdx the 
relative Cartier operator for / is given by 

Krei '■ FreuOJf —>■ F'*ojf, rx°'s^dx ^ rs® x~p ^dx. 

Using this formula for the relative Cartier operator it follows, just as in the proof 
of Lemma 4.1, that the Cartier structure for f 'M is given by 

FfM ®R ojf) —M ujf, TO ® rs^x°'dx i— frm) ® sx p 

Using Lemma 4.1 and the fact that for a Cartier module {N,k) the Cartier 
structure on p'N is given by the natural composition (cf. [3, Lemma 2.2.1, Definition 
2 . 2 . 2 ]) 

FfN ®S)^ F^N ® S N®S 
one verifies that the Cartier structure on p'g'M is given by 

FfM ® ujg) ® S —^ (M ® (jjg) ® S,m® rx°‘dx ® s^ rx^~^dx ®m®s. 
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The isomorphism ip'g'M —)■ f'M is given by the usual identification of 
with f*M and by S ( 8 )_R[a;] uig — rdx i—>■ rsdx (cf. [14, Proposition 

IIL2.2] (also note that no sign error occurs in our situation ~ [8, Section 2.2])). One 
now readily observes that the claim follows. □ 

For the following lemma recall that if i : Spec B —>■ Spec A is a finite map and 
{M,k) a Cartier module over A then i'M = Hom^(i3,M) has an induced Cartier 
structure given by FA'M —> i'M, ip k o ip o F. 

4.5. Lemma. Let f : Spec S' —> Speci? be a smooth morphism and i : Spec R/I —> 
Spec R a closed immersion. Then we have a natural isomorphism of functors 
i'^f' —>■ /'i* that is compatible with Cartier structures, where i! is the base change of 
i and similarly for f. In particular, it induces an isomorphism of Cartier crystals. 

Proof. We write A for S/IS. We have a natural isomorphism of i?-modules id —>■ ri, 
given by 

M — 7 > Aomji{R/I, i^M),m [1 !->■ mj. 

Next, we apply f' to this isomorphism and use the fact that f'i' = {if')' = 
{fi')' = i''f to get an isomorphism f' —)■ Explicitly, this isomorphism is 

given by the following composition 

f'-M = ujfi A ®ii/j M ^ ujfi S R/I ®R/i Aom.R{R/I, i^M) —>• 

ujf! (g)^ Homs(A, f*uM) = ujf) (g)A i''f*i^M —>• i''{f*i^:M ^ujf) = i'' f'i,^M, 

where the first isomorphism is induced by the natural map above, the second iso¬ 
morphism is fiat base change and the final isomorphism is due to the fact that 
i'*ujf = tof via the usual base change morphism of (top-dimensional) Kahler dif¬ 
ferentials and the natural isomorphism i'*ujf 0 i'' f*itM —>■ i'' f'it,M. 

Now we use adjunction of and i'' (cf. [2, Theorem 2.17]) to get a morphism 

cf'M = i*(w/ 0 s {S i^R R/I) ®R/i M) — f'CM = w/ 0 s S' 0 _r 

w 0 s 0 r 0 m I —> w 0 s 0 rm 
which clearly is an isomorphism. 

Next we verify that this is compatible with Cartier structures. By [3, Proposition 
3.3.23] the adjunction between and i'' is compatible with Cartier structures. 
Likewise the counit ri* —> id is a morphism of Cartier modules. We therefore only 
have to check that the isomorphism f'f —>■ i'' f' of Lemma 4.3 is compatible with 
Cartier structures. An application of Lemma 4.4 (and working locally) shows that it 
is sufficient to consider the case where / is etale and the case where / : Spec R 

is the structural map separately (again we restrict to n = 1 to simplify notation). 
In other words, we have to verify that given a Cartier module {M, k) the square 

FJ''i'M f'i'M 
Fj'f'M^^i'-f'M 

commutes. 

We begin with the case that / : Speci?fy] —>■ Speed? is the structural map. 
Using the usual identification of uofi = top 0_R[a;] R/I[x] we can write a generator 
of F,^f'i'M as x'^dx 0 1 0 sx^ 0 yi G w/ 0 R/I[x] 0 R/I[x] 0 Homij(i?//,M). 
By the natural isomorphism constructed above this element is mapped to [rx"' i—> 
x'^dx 0 x™'^^ 0 (/^(fs)]. Applying n we obtain [rx™ >-)■ K{x''dx 0 0 ip{r‘Ps)\ 

and by Lemma 4.1 this evaluates to [rx™ i—>■ x^x p ^dx 0 K((^(rPs))]. 
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Going the other way around in the diagram we obtain that 0 10 sx^ G is 
mapped via k to x p dx 0 1 0 1 0 {nipiisF), where /ij denotes the map which 
is multiplication by s. Now we apply the isomorphism of Lemma 4.3 to obtain 
[ra;™ i-A x'^x p dx 0 K{ip{srP))] as claimed. 

Next, assume that / : Specs' —)■ Speci? is etale. A generator element of 
F^f'i'M = F, Homii;(i?//, M) '^n/j {R/I S) is of the form a 0 r 0 s^. The 
left vertical arrow maps this to [s' i-A a(r) 0 s's^] G F* Homs(S//S, M 0r S). This 
in turn is mapped to [s' i-A K(a(r)) 0 ss'] G Homs(S/JS, M 0r S) via the Cartier 
structure. One easily verifies that going the other way in the diagram yields the 
same result. □ 

4.6. Lemma. Let f : Agp^^,^ —> SpecF and M an F-regular Cartier module on 
SpecR where R is F-finite. Then f'M is F-regular. 

Proof. We identify f'M with (jjf0RM = R[x\dx0RM. If we denote the underlying 
Cartier algebra of M by C then the Cartier structure on f'M is given by rx'^dx 0 
m X p'‘ dx 0 K{rm), where x p’’ is understood to be zero whenever is 
not an integer and f G Cg. By abuse of notation we denote this map by 0 k. We 
denote the Cartier algebra acting on f'M by C'. 

It readily follows that f M is F-pure since k/ is surjective and C+M = M hy 
assumption. By Lemma 4.5 we may assume that Supp M = Spec R, where R 
is reduced by F-purity. By flatness we have R° C R[x]°. In order to check F- 
regularity for / M it is thus sufficient to show that {f'M)c is F-regular for some 
c G R°■ Indeed, by [1, Theorem 3.II] one then has 

T{f'M)=Y,Cicf'M = fM 

e>l 

since M is F-regular and c G R. 

Since R is excellent we may choose c such that Rc is regular (and replace R 
by Rc). By localizing further we reduce to the case that R is an integral domain. 
Let a = X]r=o F[a;]° with a„ 0 and hence o„ G R°. Again we use [1, 

Theorem 3.11] and thus need to show that 'Yl,e>i^'eaf'M = f'M. 

Choose generators mi,...,mi of M. Then for each 1 < it < Z there are, 
by F-regularity of M, elements G and elements mj.^ G M such that 
Si=i = Fi«- Furthermore, we may assume that all > n for all 

i,u since by F-purity C+M = M. Now choose natural numbers Sj..^ such that 
(^n+sj.^) = 1 for j = ^ i (and thus = 0 for fc < n + sj.^). Then 

tu tu 

0 Cj.^{a ■ x^^ip 0 mj.^) = 0 Cj.^{anmj.^) = 1 0 to„. 

i=l i=l 

□ 

4.7. Theorem. Let f : X ^ Y be a smooth morphism of sehemes essentially 
of finite type over an F-finite field and a C Ox cm ideal sheaf, t G Q and M a 
non-degenerate F-regular Hi° -module. Then f'M is F-regular. 

Proof. The problem is local on X so that we may replace X by an open affine Spec S 
such that / factors as Spec S —)■ Spec R, where (p is etale and Spec R CY 

is open affine. By [20, Theorem 6.15] ip' preserves F-regularity of M. So the claim 
follows from Lemmata 4.4 and 4.6. □ 
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4.8. Corollary. Let f : Specs' —>■ Speci? be a smooth morphism of rings essentially 
of finite type over an F-finite field and let a C R be an ideal. Then for a non¬ 
degenerate Cartier module {M,k) one has /■(r(M, a*)) = T{f'M,{aSy) for all 
t G Q>o- 

Proof. First of all, note that by [1, Theorem 4.13] both a*) and T{M,of) 

exist. By exactness of f'M we have an inclusion f'T{M,a^) C f'M. We may 
replace M by M and make a base change such that Supp M = Spec R. 

We claim that all generic points of Spec S are mapped to generic points of Spec R. 
By a base change we may assume that Speci? is irreducible. By [12, Proposition 
2.3.4 (iii)] all irreducible components of SpecS dominate Speci? from which one 
easily deduces the claim. We conclude that f'M and /V(M, a*) agree at generic 
points of Supp f'M = /“^(Supp M). Since T{f'M, a‘) is minimal with this property 
we obtain an inclusion T{f'M,a*) C f'T{M,a^). By the previous observation and 
F-regularity of the latter this is an equality. □ 

4.9. Corollary. Let f : SpecS” —> Speci? be a smooth morphism of rings essen¬ 
tially of finite type over an F-finite field and let a C R be an ideal. Then for a 
non-degenerate Cartier module {M,k) one has f'Gr^{M) = Grr{f'M) as Cartier 
modules or erystals. 

Proof. As /■ is exact this follows from Corollary 4.8 □ 

We now present a class of examples that shows that /', for / finite flat, does 
not preserve A-regularity, not even on the level of Cartier crystals. The argument 
roughly is as follows. For (say) i? = k[x] the Cartier module {cor, kx^) is F-regular 
if and only if s < p — 1. If / : Spec k[t] —>• Spec k[x], where t^~^ = x then f'ljjR with 
the Cartier structure induced by n is isomorphic to with its canonical Cartier 
structure. Hence, if the Cartier structure is given by ra® = then f'uiR is 

not A-regular. 

As usual this is a local issue so that we may immediately restrict to the situation 
where / : Spec S —)■ Spec i? is a morphism of afflne schemes. We start with some 
preparatory results. 

4.10. Proposition. Let f : SpecS —>■ Speci? be a finite morphism and let j : 
Spec Rx —t Spec i? be the open immersion induced by localization. Then for any 
Rx-module M one has an isomorphism f'j*M —)■ jlf'M, where f and f are the 
base changes of j and f. If M is a Cartier module then then the natural map is an 
isomorphism of Cartier modules. 

Proof. One has an isomorphism j''f'j*M —>• f''j'j»M. Since j, j' are etale /' = j'* 
and j' = j*, so by adjunction of j'* and j' we get an induced morphism f'ja^M —>■ 
jif''j*j*M. After the identification j*j^M = M this will be our desired isomor¬ 
phism. 

First of all, the isomorphism 

j'*f'j*.M = Hom_R(S', j*M) (g) Sx —= Ilom.R^{Sx, j*j*M) 

is given by (note that Sx = S '^r Rx) pOAr t PMs O /iA_, where denotes 
multiplication by a. Hence, adjunction yields the map 

HomH(S', j*M) — IloinR^{Sx,j*j*M), (p i—tp O id^^ . 

This is map is injective by flatness of j and it is clearly surjective hence an isomor¬ 
phism. 

We now verify that this isomorphism is compatible with Cartier structures. By 
[3, Proposition 3.3.15] the adjunction —> id is an isomorphism of Cartier mod¬ 
ules. We are therefore reduced to showing that f'j^M —>■ tp >->■ [^ >->■ ^^M] 
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is compatible with the Cartier structures. The Cartier structure on /'j^M is given 
hy ip I—>■ K o (f o Fs, where k : —)■ M. The one on is given by 

if K o ip o Fsj and one readily verifies that the relevant diagram commutes. □ 

4.11. Proposition. Let R he F-finite, x G R and j : SpecRx —)■ Speci? he the open 
immersion induced hy localization. If (M,k) is a Cartier module, then j*j'M = 
j^,{M0Rx) is locally nil-isomorphic to MC)R - Moreover, if R is smooth over an 
F-finite field k and x is a smooth element and M = ojn then ojn 0 i? • - is F-pure 
hut not F-regular and there are no non-zero nilpotent submodules. 


Proof. First of all, note that ii m G M then 

^ ^n(p— 1 ) ^ ^ 

Mm® —) = Mm® -) = Mx^^^~^'^m® -) = Mx^^^~^"^m )®— € M®R - 

since {F^M)®Rx -G F^{M®Rx),m®a !->■ m®aP is an isomorphism (cf. [3, Lemma 
2.2.1]). We conclude that M ® R ■ M 13 ^ Cartier submodule of Next, we 

write j*j'M as the union of the M„ = M 0 i? • ^ for n G N. We have to show that 
there is e„ such that C M ® R - Choose e„ such that p®" > n. Then for 

m G M we have 


1 rj.p^'^-n 1 1 

M^im ® —) = M^im ® -^—) = M"(x^ "“"to) ® — G M ® R ■ 

X" xP " X X 

Assume now that R, x are smooth and M = ojr. We have to show that k : 
P*{^R ^ R ' y) R ■ y is surjective. This is local on R so that we may 

restrict to stalks Rp, where we have a local system of parameters Xi, ..., x„. If x is 
invertible in Rp then the map is clearly surjective. If x is not invertible then its part 
of a sequence of parameters by smoothness. Indeed, let Xi, ..., x„ be a sequence of 
parameters, then dx = ^^dxi in As x is smooth some partial derivative is 
a unit (say, after reordering, the first one). Then the transformation matrix sending 
dxi to dx is invertible. In particular, in terms of the basis S = dx A dx 2 A • • • A dx^ 
we obtain 

Mx 2~^ ■ ■ ■ xlM^S 0 -) = k(x^“^X2 ~^ ■ • • x^~^S ® —) = ((5 0 —). 

The claim that ujp ® R ■ - admits no non-zero nilpotent submodules is again local 
so that we may assume that ujp is free generated by S. We will in fact show that 
ujp ® R ■ - endowed with Cartier structure kx® for any s > 0 admits no nilpotent 
submodules. 

If 0 is any Cartier submodule and rS ® ^ G N a non-zero element then 


(/vX®)®((r^ ^x*x- 




■ ■ x^ ^) • r(5 0 —) = ^‘x2 ^ 

= rx^ (5 0 - 0 

X 


• x^ Vp S ® -) 


for e > 1, where t = p® — I — -l-p“ for some o 0, so that N is not nilpotent. 

In order, to see that uip ® R M is not F-regular it suffices to note that uip ® R is 
a Cartier submodule that generically agrees with ojp ® R M. □ 


We can also prove a slight variant of this result by twisting the Cartier structure 
with premultiplication by a power of x 


4.12. Lemma. Let j : Speci?/ —> Speci? he the open immersion induced hy lo¬ 
calization. Then = j^cop ® Rf endowed with the Cartier structure k/® is 

locally nil-isomorphic to LOp for s > 1. If R is smooth over an F-finite field, x is a 


^Here we use that locally R is etale over k[xi,... ,Xn] 
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smooth element and 0 < s < p — I then {ujr^kx^) is F-pure. Moreover, (lorjKx^) 
is F-regular if and only if s < p — 2. 

Proof. Everything except the E-regularity follows just as in Proposition 4.11. For 
the E-regularity note that (working locally) we have an etale morphism ip : Spec R —> 
Spec S = Spec k[xi,..., a;„], where x = Xi, and ujr = ip'LOs- By [20, Theorem 6.15] 
lor is E-regular if wg endowed with Cartier structure kx\ is E-regular.® Write 
5 = dxi A ... A dxn- 

We have to show that for g € k[xi,..., a;„] a non-zero polynomial there is e > 1 

p® — 1 

such that {KxlY{Rg6) = RS (cf. [1, Proposition 3.7]). Note that (kcc®)® = k^x^ . 
Denote the largest non-zero monomial of g with respect to the lexicographic ordering 
by Xi'^ ■ ■ ■ xfp (which we may assume to be monic). Assume that there is a monomial 
m and e > 0 such that {Kx\Y{mx\^ ■ ■ -xY^) = S then it follows that any other 

p® — 1 

S 

monomial of x^ ’’ mg has exponent < p® — 1 in some Xi and is thus annihilated 
by At®. 

In particular, since we only need to consider monomials we may assume that 
s = p — 2. We assert that there is e > 0 such that 

- —^(p® - 1 +pei - ei) < p® - 1. 

p- 1 

Equivalently, we have to show that 

P- 2 ^ p'^ -1 

p—1 “p® — 1-1- pei — ei 

But since the right hand side converges to 1 for e —>■ oo this holds for all e 0. 
Fix one e! that satisfies this inequality. Then for e such that p® — 1 > for all 
i = 2,... ,n and e > e' we find a monomial m as desired. 

Finally, let us assume that s = p — 1. Clearly, a; is a test element for ojr so that, 
using [5, Lemma 4.1], we obtain t{wr, kxP~Y = {k.x^~Y‘^xu}r = rFx^ ujr = xlvr 
for all e ^ 0. □ 

4.13. Example. Let k be an E-finite field and R smooth over k. Fix a smooth 
hypersurface x G R and denote R[t]/{tP~^ — x) by S. We write / : Spec S —>■ Spec R 
for the morphism induced by the inclusion. Note that / is a Kummer covering which 
is etale over D{x). We consider the Cartier module ojr, where the Cartier structure 
is given by Ata;® for some 1 < s < p — 2. 

More precisely, the adjoint C of At is induced from the fixed isomorphism /c —>■ E'fc 
by S', where s : SpecE —>■ Specfc is the structural map. In particular, the adjoint 

C I 

of Ata;® is given by ur —> lor —> F'ujr. If we endow uir with its natural Cartier 
structure At then /' induces an isomorphism of Cartier modules f'ojR = wg, where 
wg also carries its natural Cartier structure Atg. In particular, if we endow lor with 
the structure Atx® then this induces the Cartier structure Atga:® = Atgt®^^”^) on wg. 
From now on we will simply write At for the natural Cartier structure on a canonical 
module. 

By virtue of Lemma 4.12 we conclude for p > 3 that f'uiR with Cartier structure 
induced by kx is E-pure but not E-regular, while {ujr, kx) is E-regular. By the 
same token if s > 1 then (a;g,Ata:®) is not E-pure. 

We can also transfer this example to a context which fits in the framework where 
Stadnik constructs a notion of F-filtration (cf. [21, Theorem 3.15, Definition 3.11]). 


®Note that since we do not assume that our base field is perfect the Cartier structure is given as 
in Lemma 4.1 above. In particular, everything depends on the choice of an isomorphism k —A F'k. 
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4.14. Example. We use the notations and assumptions from the previous exam¬ 
ple. First we show that taking the twisted inverse image of kx’^) along the 

restriction of / yields an isomorphism with {ujs^,k). We have f'ujji = ujs and a 
commutative diagram: 


F^ujs, 


F*ujs^ 






Since is a unit the claim follows. 

As f\D{x) is etale this shows that {ujr^,kx^) corresponds to a unit ii[F]-crystal 
on D{x) (equivalently to a locally constant sheaf on the etale site). 

By Lemma 4.12 we have a local nil-isomorphism > lor. Hence, if we 

denote the open immersion D{x) —> Speci? by j then T(f j^,u!R^) yf f'{T{j*ojR^) 
by the previous example. 


4.15. Definition. Given a finite morphism / : Spec S' —>■ Speci? and an i?-module 
M we define the trace as the i?-linear map Tr : f^^f M —>■ M, ip i—>■ (/?(!). 

4.16. Lemma. Let / : Spec S —>■ Speci? be a finite flat surjective morphism and let 
M he a Cartier module via some Cartier algebra C. Then Tr(/*/ M) = M. 

Proof. By abuse of notation we denote the induced Cartier algebra on f'M, which 
acts for a homogeneous element k of degree e as, K-ip^KopoF^^ again by C. 
It suffices to show that Tr(/*C+/'M) = C+M. If r is homogeneous of degree e 
then Tr(K(^)) = k((^(F®(1)) = k((/?( 1)) = K(Tr((^)) for p G f'M. Since / is flat and 
surjective 1 is locally part of a free basis of /»S so that Tr is surjective. □ 


4.17. Lemma. Let f : SpecS —>■ Speci? he a finite flat surjective morphism and 
let M he a Cartier module via some Cartier algebra C. Assume that f'M and M 
admit a common test element x. Then Tr(/*r(/'M)) = t{M). 

Proof. As in the last lemma we will denote the induced Cartier algebra on f'M 
again by C. Then Tr(r(/'M)) = Tr{J2e>iCeXf'M). In particular, for a homoge¬ 
neous element k of degree e and <p G f'M we have Tr(Ka;i^) = K{x(p{F‘^{l))) = 
KxTr^if). Using Lemma 4.16 we obtain Tr(/'M) = M so that Tr(T(/'M)) = 

T.e>lCeXM = T{M). □ 

4.18. Lemma. Let f : SpecS — > Speci? be a finite morphism of noetherian rings 
with i? redueed. If Q = f{P) is generic for P G Spec S generic then the induced 
morphism on stalks p : Rq -G Sp is finite. 

Proof. Since i? is reduced Rq is a field and Qq = 0. We get a finite morphism of 
fibers f~^{Q) —>■ Q which is of the form Rq —>• S'[(i? \ <5)“^] =: Sq. We have a 
factorization Rq — >■ Sq —>■ Sp, were Sq is an Artinian i?Q-algebra. In particular, it 
is a finite direct product of local Artinian algebras. One of these factors corresponds 
to Sp. We conclude that Sp is finite over Rq. □ 

4.19. Proposition. Let f : Specs' —)■ Speci? be a finite flat morphism and let M 
he an F-pure coherent Cartier module. Then Supp/ M = Supp/ M. 

Proof. By [20, Lemma 6.24] we have Supp f'M = f~^ Supp M. As M is F-pure the 
annihilator Ann M is radical and we may base change and assume that Supp M = 
Speci?. Indeed, denote by i the closed immersion Speci?/Ann(M) —>• Speci? 
then applying /'■ to the isomorphism id —>■ i'it, and using that f'i' = f'f' we 
get, after adjunction, an induced morphism i'^f' —>■ /U, which one verifies to be 
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an isomorphism of ^-modules. Then [3, Proposition 3.3.23] yields that this is an 
isomorphism of Cartier modules. 

Let now ry be a generic point of a component of Supp/'M = Spec S'. Then /(ry) 
is a generic point of a component of Speci? by flatness. Consider the following 
commutative diagram 

Spec Sr] —-—> Spec S 

fr} f 

• 4 ' 

Spec -)• Spec R 

Note that f,] is finite fiat and surjective {Rf(r)) is a field since R is reduced, finiteness 
follows from Lemma 4.18). Since both u,v are essentially etale we have u f'M = 

U*fM = {fM)r, = fr]V-M = 

Recall that the operation_commutes with localization. Since is finite faith¬ 
fully fiat we obtain via Lemma 4.16 a surjection Tr : —>• M/(,,) = ^f{r])- 

In particular, {f'M)n ^ 0 thus 77 G Supp/'M. Finally, f'M being coherent the 
support is closed and contains all generic points of the components of Spec S so 
that Supp/'M = Specs'. □ 

4.20. Proposition. Let f : SpecS —>■ Speci? be a finite flat and surjective mor¬ 
phism and let M be an F-pure Cartier module. If f M is F-regular, then M is also 
F-regular. 

Proof. We use the characterization of F-regularity given by [20, Proposition 5.2]. 
First, we claim that given c G i? such that D{c)r] SuppM is dense in SuppM then 
f~^{D{c)) n Supp/'M is dense in Supp/'M = Supp/’M, where the equality is 
due to Proposition 4.19. By [20, Lemma 6.24] we have /“^(SuppM) = Supp/’M 
so that the claim is that /“^(SuppM C] D{c)) is dense in /“^(SuppM). But by 
fiatness (make a base change) and the density of SuppM n D{c) in SuppM all 
generic points of /“^(SuppM) are contained in /“^(SuppM n D{c)). 

Let now c G i? be a test element for M. Then by the above and our assumptions 
c is also a test element for f'M. Using Lemmata 4.16 and 4.17 we have M = M = 
TffffM)) = Tr(/,/’r(A^ t(M). □ 

5. A COMPARISON WITH StADNIK’S U-FILTRATION 

The goal of this section is to relate the filtration of Definition 3.10 above with the 
(super-specializing) U-filtration for unit U-modules introduced by Stadnik in [21, 
Definitions 3.4, 3.6] in the cases where Stadnik proved existence of his filtration. 
We will also see that they do not coincide in general. Let us begin by recalling 
Stadnik’s definition: 

5.1. Definition. Let At be a unit F-module on Spec R with adjoint structural map 
a : M ^ FrgM. A super-specializing V-filtration along / = (/) C i? is an exhaustive 
separated discrete left-continuous Q-indexed filtration V'Ai of i?-modules such that 

(i) U°A4 is coherent. 

(ii) IV^Ai = for alH G 0,1 —1. 

(iii) a(U*) C for all i G Q. 

(iv) Fji/j induces an isomorphism Ff^^jGFM. = GF^M. whenever GFM. f 0. 

(v) Multiplication by / induces an isomorphism pLf : GFA4 —> GF^^Ai for all 
iGQ,if-l. 

For a normal noetherian integral domain R and a morphism / : Spec S —>■ Spec R 
we say that / is tamely ramified along x G R if f is finite and etale over D{x), S is 
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normal, x is smooth and every irreducible component of Spec S dominates Spec R. 
Moreover, we require that for every generic point p G V(x) the extension Rp C 
Sf-i(^p') is tamely ramified (see [13, Definition 2.2.2]). Important for computations is 
the fact that etale locally a tamely ramified covering is a disjoint union of Kummer 
coverings. More precisely, for every p S Speci? there is an etale neighborhood 
U —> Speci? such that Spec S' XspecR [/ —> t/ is a disjoint union of Kummer 
coverings ([13, Corollary 2.3.4]). 

5.2. Remark. Let us briefly elaborate on axiom (iv): Note that axiom (ii) implies 

that GRM. is an i?//-module. Next note that a : induces 

a morphism GFM —>■ F^^GF^Ai. In particular, we have a morphism GFM. —t 
Fr/i^GF^M. whose adjoint F^^jGFAi GF^M is the desired isomorphism. 

Also note that axiom (v) is already implied by (ii) provided that / is a non¬ 
zero divisor on Ai. Indeed, in this case (ii) yields isomorphisms pf : V^Ai —t 
and similarly an isomorphism —>■ Thus it induces an 

isomorphism on the associated graded. 

Stadnik proves that such a filtration is unique (see [21, Proposition 3.8]) and 
furthermore shows existence in the following special case: Ai is of the form 
for some coherent unit A-module Af on D(f), f smooth and for every closed point 
z G V{f) there is a (Zariski) neighborhood W of z and a tamely ramified covering 
Y ^ W which trivializes Ai\D(f)nw (see [21, Theorem 3.15]). 

Following Stadnik we turn this last notion into a definition: 

5.3. Definition. If R is smooth over a field k, f G R a smooth hypersurface, 

j : D{f) —> Speci? and Af is a unit i?/[F]-crystal then we call j^Af a tame unit 
R[F]-crystal if for every closed point z G V{f) there is a (Zariski) neighborhood W 
of z and a tamely ramified covering Y which trivializes Ai\D(f)nw- 

5.4. Lemma. Let R be smooth over an F-finite field. If x G R is smooth then 
{uir/xlor, KxP~^) is isomorphic to {iiJr/(^x)t F). 

Proof. Up to a shift one has i'coR = oor/xlor with Cartier structure kx^~^, where 
i : SpecR/x —> Speci? is the closed immersion (see [3, Example 3.3.12]). Then if 
s : Speci? —> Spec fc and s' : Spec R/{x) —> Specfc are the structural morphisms 
one has i's' = s'' and both k on and on ojr are induced by shrieking the 

isomorphism k ^ F'k. □ 

5.5. Lemma. Assume that R is regular, essentially of finite type over an F-finite 
field, M a Cartier module satisfying M = M and f G R a non-zero divisor. Then 

r(Ad, f-n/r{Ai, f) = t{M, /‘-^)/r(M, f), 

where Ai = colime F'^'M. 

Proof. Since M = M the natural map 7 : M —?> Ad is injective. Now we have, by 
definition, 7 (t(M,/*)) = r(Ad,/*) which yields the claim. □ 

Also recall ([20, Section 4]) that for a Cartier module (M, k) the quotient Gr* = 
t{M, f'^) naturally carries a Cartier structure induced by 

By Lemma 3.1 the assumption M = M is satisfied in the situation where {N, k) is 
a Cartier module on Rf such that C : N —>■ F-N is an isomorphism an M G j^N 
is a local nil-isomorphism. 

5.6. Proposition. Let R he smooth of finite type over a perfect field, let x G R be a 

smooth hypersurface and let j : D{x) -G Spec R he the associated open immersion. 
Then for t G Q there is 0 < s 1 such that the filtration t(Awr„, , (as in 

Definition 3.10) coincides with V*{jtRx) ^wir filtered along x (Defintion 5.1). 
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Moreover, under the equivalence of unit R/{x)[F]-modules with Cartier crystals 
Gvy and Gr^ correspond to each other. 

Proof. Recall that the unit module corresponding to is just j^.Rx endowed 

with the (adjoint of the) ordinary Frobenius. In this case it is easy to see that the 
filtration := {/1 v{f) > t}, where n : Q{R) —>■ Z is the valuation attached to 
R(x), is a super-specializing R-filtration. In other words, one has V* = R ■ for 
all t G Q. 

On the other hand, is locally nil-isomorphic to ojn 0 R^ and the test 

module filtration is given by T{j^ojR^,x*') = x^^^wr for t > 0. For t < 0 we set 
= x^^^lor according to 3.6. So if t > 0 is not integral then we take 
e < {t} and obtain as desired. If t > 0 is integral then we take any 

0 < e < 1. 

One easily verifies that the induced unit i?/(a;)[F]-structure on Gr° = R/{x) is 
in this case given by the ordinary Frobenius R/{x) —>■ F,iR/(x). Tensoring with 
ojR/i^x) then induces the ordinary Cartier structure on ojR/t^x) which by Lemma 5.4 
coincides with the one on Gr^ (cf. [20, Proposition 4.5]). □ 

Based on this result one might hope that given t and a unit i?[F]-module M. 
there is 0 < e <C 1 such that t{M. 0 ujr,x^'^^~^) = V*(M) 0 ojr, where the left- 
hand side is the filtration introduced in 3.10 and the right-hand side is Stadnik’s 
filtration. However, this is not the case in general. 

First we give an example that shows that Stadnik’s P-filtration does not com¬ 
mute with graph embeddings (the corresponding result does hold for the test module 
filtration - see [20, Proposition 3.7]). 

5.7. Example. Let fc be a perfect field and consider the embedding i : Speck —>■ 
SpecA:[t],t >->■ 0. Consider k as a unit F-module via F*k —>■ k. Observe that the 
trivial filtration {i.e. V* = k for all t) is a P-filtration along / = 1. 

Next, = k[t,t~^]/k[t] is a unit F-module via the Frobenius induced from 
localization. We claim that i+k does not admit a P-filtration along t -|- 1 in the 
sense of Definition 5.1 (note that this is up to an identification just the graph 
embedding of k filtered along 1). Indeed, one has Suppi+(fc) = V{t) but assuming 
that i+k admits a P-filtration along t-|- 1 the associated graded of this filtration (if 
it is non-zero) is supported on P(t-|- 1). We conclude that P'* must be the trivial 
filtration. One can now check that multiplication by t -|- 1 is an automorphism 
(the element ^ -I- • • • -I- (—1)”+^| is the preimage of ^). Hence, 

this filtration satisfies all of Stadnik’s axioms except for (i) - i.e. P° is not finitely 
generated as a fc[t]-module. 

5.8. Example. Let k be an F-finite field, R = k[x] and consider the trivial Cartier 
module {ujr, k) and take a graph embedding i : Spec R —?> A)j = Spec k[x, t] sending 
t to X. Then T{i^iOR,C) = i^T{uiR,x‘^) = x^’^^^lor, (see [20, Proposition 3.7]). 

Note that the unit F-module corresponding to hfUjR is given by i+i? which admits 
the explicit description i+i? = R[t\x-t/R[t\ with adjoint structural map 

a : i+R —> Fi^i+R, x i —> x^, 

i.e. it is just the map induced by the Frobenius on R[t]x-t- The embedding i^,R —>■ 
i+R is given by r i—>■ Tensoring with ujr the map —>■ i+R,r i—>■ 

corresponds to the natural map i,tUjR —>■ colim F®' 

In particular, we obtain r(colimF^ Fwi?,a;®) 0 = R[i\-^. We want to 

argue that r(colim F®'Fwr, 0 yf V^. 

First, we will show that (iii) of Definition 5.1 is not satisfied. Fix s G N and 
choose 0 < e <C 1. We want to show that a(T(colim F^'Acur, x®+^“^)) C r(a;®^+^“^) 
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does not hold in general. Assume to the contrary that this inclusion holds. Then 
there exists / S R[x,t] depending on s such that ^p_^p = in i+R- Equiva¬ 

lently, there exists an / such that 

x^P -x‘^P{x-t)P-^f 
xP - tP 

In other words, we must have G (x^ — tP,x^P{x — t)P~^) in Applying the 
automorphism 1t + x oi R[t\ we see that equivalently 

x®P G {tP,x^PtP-^) 

which is never satisfied^. 

Next we claim that, in the setting of Cartier modules, the natural map 

Gr^i^ojR = Hom;j(F*i?, Gr^i^uju) 

is not surjective and in particular not an isomorphism. It then follows that the 
corresponding unit A-module is not coherent which shows that (iv) in Definition 
5.1 is not satisfied for * = 0. By the above computation Gr^i^uju = wjj/xwij = k 
as an i?-Cartier module with Cartier structure induced by kxP~^. 

The natural map is then given by 

r I—> [/ I—> K{xP~^rfdx) mod xujr] 

If this were an isomorphism then Gr^i^fUJu would correspond to a locally constant 
sheaf. That is, we would have a finite etale morphism ip : Spec S —>■ Spec R[x] such 
that p Gr^i^ijOR = lus as Cartier modules. But since Gr^i^ujR is not even invertible 
this is absurd. 

In more down to earth terms this can be seen as follows. Assume that k is perfect. 
Then the map evaluates for r G k to rpK{xP~^fdx) mod xw/j. In particular, for 
/ = X we obtain the zero map. But F^,R is free with basis l,x,... ,x^“^ so that 
the projection x i—>■ 1 is not contained in the image. 

What we will achieve in the following is that the two filtrations coincide (up 
to left/right-continuity) in the setting where Stadnik proved existence. Stadnik 
constructs his E-filtration by taking G-invariants of the trivial filtration in the 
situation of a Kummer covering and then shows that his E-filtration only has to be 
constructed etale locally. In order to achieve a comparison we will therefore show 
that test module filtrations can similarly be obtained by taking G-invariants. 

5.9. Lemma. Let R be F-finite and M a Cartier module via some Cartier algebra 
C. Let f : Spec S —>■ Spec R be a finite fiat morphism such that S is free as an 
R-module with basis {1, si,..., s„}. Assume furthermore that the s^ are contained 
in the R-module generated by the si,..., s„. If M and f'M admit a common test 
element x then the R-module N = {p G f'M \ </?(!) G t{M), p{si) = 0} is contained 
in T{f'M). 

Proof. First, we show that N' = {p G f'M \ (/?(!) G M, p{si) = 0} is contained 
in f'M. In order to do this it suffices to show that N' C C+Nh So Rx p G N'. 
As M is E-pure we find finitely many homogeneous elements Kg G Cg (e > 1) and 
me G M_ such that J^e Ne(TOg) = We define homomorphisms pm^ : S' —>■ M by 

= Wg and PmA^i) = 0- Then = Lg «e(‘/5me(E®(l))) = p{l) 

and (X^g i^ePm,){si) = Yje )) = 0 since sf = GSj by assumption. We 

conclude that p lies in C+N'. 

Next we show that given p G N we can find ife & f'M such that p = X]e=i 
for some Kg G Cg. Since x is also a test element for M we can write t(M) = 

^In fact, since x is smooth we could have worked with the embedding 1 1 —)■ 0 from the beginning. 
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CfXM. In particular, we find € Ce and rUg € M such that i^(l) = 
X]e=i ^e(a^We). Define homomorphisms ipe •. S ^ M via '!/'e(l) = We and ipeisi) = 
0. By the above tpg G f'M and one verifies that the ipe satisfy the claimed equa¬ 
tion. □ 

5.10. Remark. The assumption on the basis in the lemma is in particular satisfied 

if / : Specs' —>■ Speci? is a Kummer covering. Indeed, say S = — a) then 

1, ..., is an i?-basis of S and for i = 1...., n — 1 we can write ip = nl + r 

and . Since {ri,p) = 1 we must have that r 0. 

5.11. Proposition. Let R he an F-finite ring eontaining an algebraically closed field 

and X a non zero-divisor. Let {M,k) be an F-pure Cartier module, assume that 
Ma; is F-regular and that x is a non zero-divisor on M. Lf / : SpecS —>■ Speci? is 
a Kummer covering along V(x) with Galois group G then one has an isomorphism 
ofC = I e > 0)-modules x^)^ = t{M, x*) for any t G Q>o 

Proof. By Proposition 4.19 we have Supp/'M = Supp/'M. As x is a non zero- 
divisor of f'M we obtain that D{x) n Supp/'M C Supp/'M is dense (see the 
proof of [20, Proposition 4.2] for the argument). Since / is etale over D{x) and 
Mx is P'-regular [20, Theorem 6.15] implies, together with the above, that x is test 
element for f'M. 

As / is a Kummer covering S is of the form R[t]/{G — x) for some n with 

{n,p) = 1. Next, note that G is cyclic of order n. The natural G-action on S 

is given by letting a generator a act by multiplication with a primitive nth root 
of unity on t. If ip G f 'M is such that 0 for some 1 < * < n — 1, 

then a-(p{P) = so that ip is not invariant (note that we consider the 

corresponding right action on Homy{(S', —)). But clearly, crp{l) = (^(1) so that the 
invariants are those morphisms than send C to zero for 1 < * < n — 1 . 

Using Lemmata 5.9 and 4.17, we obtain that the module N constructed in 5.9 
coincides with T{f'M)^. Hence, evaluation at 1 induces the desired isomorphism. 
Moreover, this isomorphism is compatible with Cartier structures. Indeed, given 
p G T(f'M)^ we have (p(F'^(l))) = (p(l)). □ 

5.12. Lemma. Let f : SpecS —>■ Speci? be a finite etale morphism. Then S —>■ 
Homfl(S', i?), s I—>■ Tro/ig, where ps ■ S ^ S is multiplication by s, is an isomor¬ 
phism of S-modules. 

Proof. See [18, 1.4, 1.2 and Proposition 6.9]. □ 

5.13. Lemma. Let f : SpecS” —> Speci? be a finite etale morphism of integral 
normal schemes. Let M be an R-module and G the Galois group of the fraction field 
extension Q{S)/Q{R). Lf G acts on f*M by its natural action on S and G acts on 
Homyj(S, M) via ap 1 -^ p o ?/ien/*M—>■ Homyj(S, M), m 0 s !—>■ [?!—>■ Tr(si)m] 
is G-equivariant. 

Proof. Since i? and S are normal domains we have Tr(x) = Hence, 

Tr((T(s)t) = Tr(s(T“^(t)). □ 

Let us recall that if i? is essentially of finite type over an F-finite field k with 
structural map s then s k = uir is an invertible sheaf and by our conventions is 
endowed with an isomorphism wyj —> F lor (cf. Introduction). 

5.14. Example. Write / : SpecS —>■ Speci? for the morphism associated to the 
Kummer covering i? C S = R[f\/{G — x) (in particular, {n,p) = 1). Assume fur¬ 
thermore that i? contains all nth roots of unity. We will denote by 5i G Homyj(S, i?) 
for 0 < * < n — 1 the map which sends P to 1 and the other F to 0 for 0 < / < n — 1, 

j ^ 
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Then Homi? (5', i?) —>■ S,Sn-i >■ 1 induces an isomorphism of 5"-modules since 
t^6n-i — Sn-i-i for 0 < i < n — 1. Moreover, one has Tr = uSq = The 

last equality is due to the fact that Tr(t*) = = 0 for i 0, where C is a 

primitive nth root of unity. 

Let us now additionally assume that R is regular essentially of finite type over 
an F-finite field. If j : Spec Rx —>■ Spec R denotes the open immersion and M is an 
i? 2 ;-module then one has a chain of natural isomorphisms 

®ujr) ^ i8>ujrJ ^ujrJ = f{j*M ®ujr) 

Let us denote the map S —)■ j*M ® ujr, sending t* to m® uj and P to 0 for j = 
0,..., n — 1, j i by Si^rn,^- With this notation the isomorphism Homfl;(S', j*M ® 
lor) —>■ j'^f'*{M®ujR^) is given by sending 6i^rn,uj to This follows since 

nt”“^5„_i = Tr I—> 1 and using S'-linearity. Since ® m ® uj = ® ^ ® co 

we see that the composition of the natural isomorphisms above is given by 

(1) f'{j*M®UjR) -S> ®UJr), Si^rn,u; '--F"* 0 — ®UJ. 

n X 

Moreover, if R is normal and we endow ® ojr) = Hom(S', ® wr) 

with its natural right action of the Galois group G of the fraction field extension 
Q{S)/Q{R) and ® ujr) with its natural (left) G-action on S then this 

isomorphism is G-equivariant. 

In what follows if M is an i?[G]-module and TV C M an i?-submodule then we 
will denote n TV by although N may not be an i?[G]-module. 

5.15. Lemma. Let f : Spec S' —> Speci? be a Kummer eovering of degree n of 
integral sehemes ramified over V{x) and assume that R is regular essentially of 
finite type over an F-finite field whieh eontains all nth roots of unity. Let j : 
Spec Rx —>■ Speci? be the open immersion induced by localization. Let M be an Rx- 
module and G the Galois group of the fraction field extension Q{S)/Q{R). Then 
there is a natural isomorphism 

S : {f*j^M)^ ®ujR —^ if'ij*M 0ujr))^. 

If N C f*jifM is an S-submodule then Yi{N^ ® ujr) = {x^^N ® u)s)^. 

Proof. The natural isomorphism S is given by restricting the inverse of natural 
isomorphism (1) in Example 5.14 to G-invariants. 

For the second claim note that, upon identifying lor with f coR one has a natural 
isomorphism 

2 : f'{j*M ® ujr) f*j*M ®s fojR 
whose inverse is given by 

m® s ® gj ^ [fi—>■ g}{st) ® m\. 

In particular, we obtain a G-action on f*ji.M ®s f’ujR by transport of structure. 

Let us write S = R[f\/{G — x). In particular, S admits a free basis 1, t,..., 
and the inclusion R —>■ S splits. We localize and assume that uir = R ■ uj is free of 
rank 1. We will denote by 6i the element of Homjy(S, which sends T to uj and 
P to 0 for i j, 0 < j < n — 1. As in Example 5.14 the element Sn-i generates 
Homij(S', Wfj) as an ^-module. 

We now come to the claimed isomorphism. An element of is also contained 
in {f*. Since S' is a free i?-module with basis t®,0 < z < n — 1 an easy 
computation shows that G-invariant elements are of the form m®l for m G j*M. 
In particular, an element of ® ujr is of the form m®l®uj. Such an element is 
mapped via S o S to the G-invariant element nG~^m ® Sn-i & {G~^N ® ujr)'^. 
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For the other direction assume that g G N and that g 0 G N 0 tus 

is G-invariant. Then g 0 = sg 0 Jq- The G-invariants of 0 

LOji) are of the form [a i—> Sq^o) 0 m] for some m G jsfM. Under the natural 
isomorphism —> f*j^M^us such an element is mapped to m0l0(5o. 

We conclude that we have an equality (considered as elements of f*j»M 0s ujs) 
sg 0 = m 0 1 0 for some m G j*M. From the isomorphism 

S 0s ws —>■ S', s 0 (5"“^ i-A s and the fact that is a non zero-divisor we thus 
obtain to 0 1 = Hence, g 0 st^~^Sn-i = 0 (5o G 0 ojr. □ 

For the next lemma note that if S = — x) then S/{t) and R/{x) are 

isomorphic as rings. 

5.16. Lemma. Assume that R is essentially of finite type over an F-finite field. 
Let f : Spec S —> Spec R be a Rummer eovering ramified along x G R. If (M, k) 
is an F-pure Cartier module on R and M and f'M admit a eommon test element 
then we have an inelusion of Cartier R/ (x)-modules 

where the Cartier structure on the quotient is given by kx'p~^ and K'tP~^, where k' 
is the induced Cartier structure on f'M. 

Proof. Arguing similarly to [20, Proposition 4.8] one has an isomorphism 

r(/M,fi-^)/r(/’M,ti) ^ r{f'-MX-^)/r{f-M^C) 

of Cartier modules. Endowing f^T{f'M, x) with Cartier structure k!x^~^ one checks 
that T{f' M, x)'^ is a Cartier submodule. By Proposition 5.11 we have an isomor¬ 
phism t{M,x) = T{f'M,x)^ C /»r(/'M, x) and if we endow t{M,x) with Cartier 
structure kxP~^ then this is an isomorphism of Cartier modules. A similar state¬ 
ment holds for t{M,x^~‘^) and T{f'M,x^~^). Forming quotients one obtains an 
inclusion 

(2) r(M, x^-^)It{M, x^) -G Mrif'M, t^-^)/T{f'-M, t^)) 

of Cartier modules since T{f'M,x) H T{f'M,x^~‘^)^ = T{f'M,x) C (f'M)^ = 
T{f'M, x)^. 

We now have a commutative diagram 

Spec S/ (t) -> Spec S 

9 f 

Spec R/{x) —> Spec R 

where i,i' are closed immersions and where g is the natural isomorphism. Since 
tT{f'M^x^~^) C T{f'M,x^) for e < i by Briangon-Skoda ([1, Theorem 4.21]) and 
Proposition 2.11 we obtain that T{f'M, a;^) is in fact an S/ (t)-module. 

Similarly one argues that t{M, x^~’^) /t{M, x^) is an i?/(a;)-module. We can thus 
write the former as i'^N and the latter as i^,N. The inclusion (2) can then be 
denoted by it,N —> f»i'^N. An application of i' to the isomorphism f^i'^N = i^g^N 
and the fact that the counit i'i^ -G id is an isomorphism of Cartier modules yield 
the inclusion N -G g*N. □ 

5.17. Lemma. Let R be smooth over an algebraically closed field and x G R smooth. 
Let M. be a unit F-crystal on D{x) and denote by j : D{x) -G Speci? the open 
immersion. Assume further that j*A4 is trivialized by a Rummer covering f : 
Spec S -G Speci? ramified along x. Then GryjtgAd is a unit S/{t)[F]-submodule of 
Gr^yPy^M. 
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Proof. By [21, Lemma 3.14] the restriction ofV° t f*j^^M. to 

(which is the intersection of j^M. ® R with f*j<,M.) induces a map —)■ 

A similar statement holds for V^j^M and since R/{x) = S/{f) we 
conclude that the unit S'/(t)[F]-crystal structure on Gryf*j^M. restricts to the 
unit ii/(a;)[F]-crystal structure on Gryj^M. □ 

5.18. Proposition. Let R be smooth over an algebraieally closed field. Let x be 
a smooth element of R and let M be a unit F-crystal on D(x). Assume further 
that M is trivialized by a Kummer covering f : Spec S' —>■ Speci? ramified along x. 
Then 

V°^jtM ®ojR = T{jtM 0 ojR, for all a > —1, 

where 0 < e <C 1 and j : D{x) —t Speci? is the open immersion. Moreover, the unit 
R/{x)[F]-crystal Gry{j^,A4) corresponds to the Cartier crystal Gr]:(j*A4 '^ujr). 

Proof. Assume that S = Spec i?[t]/(t” — x). In particular, / has degree n and 
f*M. = Sf. By Proposition 5.6 we have 

(g) ws = 

Multiplying the right-hand side with and taking G-invariants we obtain 
by Propositions 5.11 and 2.11. By Lemma 5.15 the G-invariants 
coincide with (P“j*Sp‘^ Due to [21, Lemma 3.14] (P“j*Sp'^ coincides with 

We conclude that '^ujr = (g) Wij, as claimed. 

For the addendum recall that by the proof of Proposition 5.6 one has Gry{f* j^M) = 
{R/{x)Y and Gr].f'{j^M. ®eoR) = {ujr/{x)ujrY = where the latter isomor¬ 

phism is due to Lemma 5.4. We have the following situation 

ruGrl{f{j*M (g) w^)) —^ i*uGr^{f*j,^M) (g ujr/(^j;) 

't' 't' 

i'uGrYjtM g u:r) - - —5- i*uGr^{jt,M) g 

where the vertical arrows are inclusions by Lemmata 5.16 and 5.17. We only have 
to find an isomorphism ip that makes this diagram commutative. 

We have the following chain of natural isomorphisms that induce both p and 
the top horizontal isomorphism. By the first part of the proposition and the ex¬ 
actness of gw_R we have an isomorphism i*Gr]:(j*Al g u>r) = ii,Gry{j^M.) g ojr. 
Applying i' to this isomorphism and using [14, Corollary III.7.3] we get an isomor¬ 
phism ri*Gr^(j*Al g lor) = 7*(GGry (j*A4) g wr) g where is by definition 
Homjj/( 2 ,)((x)/(x^), i?/(x)). Applying the isomorphism FujR^uJi = (cf. [14, 

Proposition III.1.2]) we obtain p and the top horizontal isomorphism. □ 

5.19. Lemma. Let f : Spec S' —t Speci? be a finite flat morphism and let j : 

Spec T —)■ Spec R be etale. Lf {M, k) is a Cartier module on R then we have a 
natural isomorphism of Cartier modules f'j'M, where j', f denotes the 

base changes of j,f. 

Proof. We have to verify that the isomorphism 

Homij(S, M) gg (S gfl T) — Hom7’(S g_R T, M g^ T) 

(/? g (s g t) I—)■ [s' g !->■ p{ss') g tt'] 

is Cartier linear. 

®Our notation is slightly different from the one of Stadnik. In his notation should be 

(cf. [21, Definition 3.1]). 
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An element tp 0 (s^ 0 is mapped to nopoF hy the Cartier structure 

which is mapped to [s' 0 t' i—>■ k{p{ss'p) 0 The other way around we get that 

[s' 0 t' i-A p{s'sP) 0 t'tP] is mapped to [s' 0 t' i-A k{p{ss'^) 0 fF] as desired. □ 

5.20. Remark. The result of Proposition 5.18 does not hold for a < —1. To see this 
consider R and / : Spec S —>■ Spec R as above with n = p—1 and take M = 

with Cartier structure given by kx. Then f'j*j'ujR = jif'fu}R = fj'*^s by 
Proposition 4.10 and Lemma 5.19, where the Cartier structure is given by KtP~^ 
(here k now denotes the natural Cartier structure on wg). 

First we claim that r(ws,t*^) = tujs (where lor carries the Cartier structure 
By Lemma 4.12 cos is A-pure. Since t is a test element one has r(aJs,t°) = 
{KtP~^)'^tLos = LOS = tcos for e ^ 0, where we used [5, Lemma 4.1]. A small 
computation shows that the inclusion cos —>■ j*j'(os is a local nil-isomorphism for 
the Cartier structure given by KtP~^. 

We conclude that for a-I- 1 — e negative T(j'/'ws, where 

we use right-continuity. In particular, working locally so that lor is free of rank 
1 we have T(j'j''w 5 , = S ■ where 5„_2(t') = Si^n- 2 ^ for 

0 < i < n — 1 and w is a generator of lor. 

Now assume that p = 3 (so n = 2) and —1 > a G Z. We claim that 

(3) T{j^j'u}R,x'^+^) ^ (t""V(j'/'ws,t“+^"''))°. 

Take a = —2 (in fact, any even negative integer works) then the left-hand side 
is equal to x~^ijOr while the right-hand side coincides with (cos)^ = RSq = cor. 
Inequality (3) shows that Proposition 5.11 does not hold for negative exponents. 
Since it holds for Stadnik’s super-specializing P-filtration the two filtrations cannot 
coincide for negative values in general. 

5.21. Lemma. Let R be smooth over an algebraically closed field. Let x be a smooth 
element of R and let M be a unit F-crystal on D{x). Let f : Spec S —>■ Speci? be 
a surjective etale morphism. Assume that 

®ujs = T{f*j^M 0 ujs, 
for an a > —1. Then we have the equality 

V^j^M ®oor = T{j^M ®cor,x°-^'^~'^). 

Proof. By [20, Corollary 6.17] we have r(/*(j*A4 0 Wij), = f*T{j^M 0 

oor,x°‘'^^~^) and by [21, Lemma 3.9] we have f*V°'jt.M = V°‘f*j^M. Moreover, 
as / is etale we have a natural isomorphism f*j^M. ®us = f*{j*A4 0 ojr) which 
induces isomorphisms T{f*{j^M. 0 w_r), = T{f*j^,M 0 ws, By 

faithfully flat descent the claim follows. □ 

5.22. Lemma. Let R be smooth over an algebraically closed field and x € R a 
smooth element. Let f : Spec S' —>■ Speci? be an etale morphism and let Ai be 
a unit R[F]-module admitting a V-filtration along x. Lf the unit S/{x)[F]-crystal 
Gryf*A4 corresponds to the Cartier crystal Gr\f*M .®los then the unit S/(a;)[F]- 
crystal f*GryAA corresponds to the Cartier crystal f*Gr].M. ®ujr. 

If f is also surjective then the unit R/{x)[F]-crystal GryM. corresponds to the 
Cartier crystal Gr^Ai 0 ujr. 

Proof. According to [21, Lemma 3.9] one has a natural isomorphism of unit S/{x) [A]- 
crystals Gry{f*M) = f*Gry{M). By [20, Corollary 6.21]® we have an isomorphism 
of Cartier crystals f*Gr].M ®ujr = Gr].f*{M 0 vjr). Since the latter is naturally 
isomorphic to Gr\f*M 0 cur we obtain the desired isomorphism. 

®The F-regularity assumption is not needed since we consider the associated graded of the test 
module filtration. 
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The last claim follows from faithfully flat descent. □ 

Now we can state the main result of this section (recall the definition of a tame 
unit ii[F]-crystal - Definiton 5.3). 

5.23. Theorem. Let R be smooth over an algebraieally elosed field. Let V{x) C 
Spec R be a smooth hypersurface with complement Lf and natural inclusion j \ U ^ 
Spec R. If j*M. is a tame unit R[F]-crystal, then for all t > —1 we have 

V*j^M iSiu}R = T(j,Af 0 Wfl, 

for all 0 < e 1 depending on t, where V'^' denotes the V -filtration of Stadnik (cf. 
Definition 5.1) and t is the extended test module filtration (cf. Definition 3.10). 
Moreover, the unit R/{x)[F]-crystal Gry{ji,M.) corresponds to the Cartier crystal 
Gr(.(j„M 

Proof. The first claim is clearly Zariski local. By Lemma 5.21 we may pass to etale 
coverings. Hence, we may assume that is trivialized by a Kummer covering 
by [21, Lemma 3.12]. But now the first claim follows from Proposition 5.18. The 
second claim follows from combining Lemma 5.22 and Proposition 5.18. □ 
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